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known as the annihilation operator and the creation operator

(0,01 = (37 )(=ilx. P + il px) =1

N=a'a = (55)[ B )+ (g5)ep) 753

H=hw(N+-1§)




a= —mz-%’—(xﬁL—’:-!B‘—o—)
at= /22 (x- 22|
H=ho(N+1). (2.3.6) N=dla

Because H 1s just a linear function of N, N can be diagonalized simulta-
neously with H. We denote an energy eigenket of N by its eigenvalue n, so

N|n) =nln). (2.3.7)

We will later show that » must be a nonnegative integer. Because of (2.3.6)
we also have

H|n)=(n+3})hw|n), (2.3.8)
E =(n+3)ho
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[N,al=[a%a,al=a"[a,al+][a',a]la=—a, (2.3.10)
[N,a']=a".

Na'|n) = ([N, at]+a'N)|n)
=(n+1)a’|n)

Na|n) = ([N, a]+aN)|n>
= (n—1)aln)

These relations imply that a'|n)(a|n)) is also an eigenket of N with eigen-
value increased (decreased) by one. Because the increase (decrease) of n
by one amounts to the creation (annihilation) of one quantum unit of energy

fiw, the term creation operator (annihilation operator) for a'(a) is deemed
appropriate.



Naln) = (n—1)a|n) s a|n) =cln—1)

n> =Icl?

N=ala == n=|c|?

aln) =ynln—1) <_l

aT|n> =vVn+1in+1) :cuib el ey g 4

a’lny =\n(n—-1)|n-2),
a’|ny =n(n—1)(n—-2)|n-3),




we also have the positivity requirement for the norm of a|n):
n={n|Nin) = ({n|a®)-(aln)) =0

2l K a Klee b 5l anld asess o sl b Bl o5 C8g g N im
‘Eg = %hw‘ il oo s 4 lio alal, 1 Sgeyln Silugs aly <l (65,5l s

1) = a®(0),
2\ = EIL 1 _—(aT)ZEO
A’ Slos Jlgze ool 51 |>_(ﬁ)'>__ a |
0) wb b« 2 at , (af)?)’o
o-[ 75w |

n) = [(j%"]:o»



ajny =Vn|n—1) atiny =vn +1|n+1)
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From (2.3.16), (2.3.17), and the orthonormality requirement for
{|n)}, we obtain the matrix elements

(n'lalny =Vn8, ., (nld'|ny=vVn+18, ... (2.3.23)

Using these together with

mhw
— (

(a+a'), p=i —a+a'), (2.3.24)

we derive the matrix elements of the x and p operators:

(n'|x|n)y =/ 2—:—5 (Vrd, ,_1+Vn+18, ,.1), (2.3.25a)
(n'|p|n) =1y m;iw (—\/;8”,,"41+\/n+18",‘"+1). (2.3.25b)
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The operator method can also be used to obtain the energy eigen-
functions in position space. Let us start with the ground state defined by

al0) =0, (2.3.26)

which, in the x-representation, reads

(x'|aj0) = ':—: (x’ (x+ — )[0) 0. (2.3.27)

muw

Recalling (1.7.17), we can regard this as a differential equation for the
ground-state wave function (x’|0):

d
(x" éd ’)<x10> =0, (2.3.28)
X
where we have introduced >
Xo = E , (2329)

which sets the length scale of the oscillator.



We see that the normalized solution to (2.3.28) is

(x’|0) = (fn'l/“l\/x_ )exp — %(%) : (2.3.30)
0

We can also obtain the energy eigenfunctions for excited states by evaluat-
ing

<X’I1>=(X'Iafl0>=( 1 )(x—xo )<XI0>

V2 x,
(x') = (-‘/17)<x'|(a*)2|0>= (%-)(ﬁlx)(x - x3- ) (x'0)..
In general, we obtain (2.3.31)

(i = ] 1 (,_Zd)" C1(x)
xin) = /42"t )\ x2+1/2 * xodx’ “PIT 2 Xo |

(2.3.32)
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a(t)=a(0)exp(—iwt) and a'(z)=a"(0)exp(iwt). (2.3.43)
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ip(1)

x(t)+ =x(0)exp(—iwt)+i[ }exp(—iwt),

(2.3.44)

x(t)— ip(1) = x(O)exp(iwt)-—-i[g—-(—o—)-]exp(iwt).

maw mauw

Equating the Hermitian and anti-Hermitian parts of both sides separately,
we deduce

p(0)

maw

x(t)=x(0)cos wt +[ Sin w! (2.3.45a)

p(t)=—mwx(0)sinws + p(0)coswt  (2.3.45b)
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x(t) = exp(ihﬂ)x(O)exp( _;;Ht)

i°\?

161G, 41 +

exp(iGN\) Aexp(—iG\) = A + iI\[G,A] + (

"\
( n!

) G.[G,[G, .. .[G,A]]}. ..]+ -

where G i1s a Hermitian operator and A is a real parameter. We leave the
proof of this formula, known as the Baker-Hausdorfl lemma as an exercise.

exp( Lgi ) x((})exp( — ;Ht )

it

2'h*

=x(0)+(%)[H, x(O)] -+

)[H,[H,x(0)1]+

[H,x(0)] = :—%%)@ and [H, p(0)] = ihmw?x(0) & b
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p(0)

x(r)=x(0)coswr+[ -

sin w!t (2.3.45a)

p(t)=—mwx(0)sinws + p(0)coswt  (2.3.45b)
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. When expressed as a superposition of energy (or N) eigenstates,

= T fnin), (2.3.53)

the distribution of |f(n)|? with respect to n is of the Poisson type
about some mean value n:

ﬁn

7(m)1 = (25 Jexp(— ). (2.3.54)

n!

. It can be obtained by translating the oscillator ground state by
some finite distance.
. It satisfies the minimum uncertainty product relation at all times.
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Oa(z. 1) = T; o= = (0)"

a(l) =z, coswl + L=sinwl 4



